The singular part of Borel transform of a QCD amplitude near the infrared renormalon can be expanded in terms of higher order Wilson coefficients of the operators associated with the renormalon. In this paper we observe that this expansion gives nontrivial constraints on the Borel amplitude that can be used to improve the accuracy of the ordinary perturbative expansion of the Borel amplitude. In particular, we consider the Borel transform of the Adler function and its expansion around the first infrared renormalon due to the gluon condensate. Using the next-to-leading order Wilson coefficient of the gluon condensate operator, we obtain an exact constraint on the Borel amplitude at the first IR renormalon. We then extrapolate, using judiciously chosen conformal transformations and Padé approximants, the ordinary perturbative expansion of the Borel amplitude in such a way that this constraint is satisfied. This procedure allows us to predict the four-loop Adler function, which gives a result consistent with the estimate by Kataev and Starshenko using a completely different method. We then apply this improved Borel amplitude to the tau decay width, and obtain the strong coupling constant α s (M 2 z ) = 0.1197 ± 0.0007 exp. ± 0.0005 th. ± 0.0003 evol. .
I. INTRODUCTION
The ordinary perturbative expansion in quantum chromodynamics (QCD) gives a divergent series, with rapidly increasing perturbative coefficients. Having higher order corrections, thus, does not automatically mean better accuracy. A further step should be taken to properly handle the divergent series. For this purpose, the Borel resummation technique is often invoked.
The Borel resummation of the perturbation series in QCD, however, is not straightforward because of the nonperturbative effects that cause singularities on the Borel plane. Generally, the Borel transform of QCD amplitude has singularities [1, 2] , the ultraviolet (UV) renormalons on the negative real axis, and the infrared (IR) renormalons on the positive real axis. There are also singularities caused by instanton-anti-instanton pairs, but these are irrelevant to our discussion and shall be ignored.
In Borel resummation the UV renormalons are not a serious problem, since they can be transformed far away from the Borel integration contour using a proper conformal mapping, but the IR renormalons, which are located on the integration contour, cause a real problem. First of all, the IR renormalons cause ambiguities in taking a proper contour at their positions. The IR renormalons can be associated with certain operator condensates [1] appearing in operator product expansion, and these ambiguities are known to arise from the ambiguities in defining the renormalized condensates in continuum limit [3] . Because of the ambiguities there arises a mixing between 'perturbative' effect and 'nonperturbative' effects, rendering it impossible to separate them in an unique way. Thus, the straightforward Borel resummation defined on a proper contour must be augmented by nonperturbative effects, which, in general, are impossible to calculate.
There can be, however, situations where the Borel resummation of the perturbation series alone can be useful. For example, in hadronic tau decay the nonperturbative effects are known to be small, and so the ambiguities are small, too, to be ignorable. In this case, roughly speaking, the true amplitude is mostly of perturbative nature, and can be well described by the Borel resummation. Then, the most important thing to do is to describe the Borel amplitude as accurately as possible in the interval between the origin and the first IR renormalon using the first few perturbative coefficients that are known.
To achieve this purpose, a few techniques were developed. One is to use conformal transformation to map the UV renormalons far away from the origin, which helps accelerate the convergence of the perturbative expansion of the Borel amplitude. Another is to use Padé approximant for the Borel amplitude, either alone or combined with the conformal mapping. We introduce in this paper a new technique, which we believe to be powerful enough to predict higher order loop corrections, that combines the conformal mapping method with a perturbative expansion of the Borel amplitude in the neighborhood of the IR renormalon.
Since the ambiguities caused by IR renormalons can be associated with certain operator condensates, it is possible to expand the singular part of the Borel amplitude near the renormalon in terms of the Wilson coefficients and anomalous dimensions of the associated operators. For simplicity, and because we have hadronic tau decay in mind as an application of our technique, we shall confine ourselves to the Adler function of the current correlators, and the expansion around its first IR renormalon caused by gluon condensate. We show then that this expansion gives rise to two exact constraints on the Borel amplitude that need be satisfied at the IR renormalon. Since one of the constraints involves the uncalculated nextto-next-to-leading order Wilson coefficient of the gluon condensate operator, we have only one constraint available, which depends only on the calculated next-to-leading order Wilson coefficient. We then use this constraint to extrapolate, using judiciously chosen conformal transformations and Padé approximants that involve the unknown four-loop coefficient of the Adler function, the perturbative Borel amplitude in such a way that the constraint be satisfied at the renormalon. This yields a prediction of the uncalculated four-loop coefficient, which we compare with the estimate by Kataev and Starshenko [4] using the method of Stevenson's minimal scale dependence, and find it to be consistent with the latter. We call our method bilocal expansion because the constraint is derived by using expansion of the Borel amplitude around the renormalon (around b = 2) and the evaluation of the constraint is carried out by resummations based on the perturbative expansion of the Borel amplitude (around b = 0).
Finally, with this prediction of four-loop amplitude we turn to the hadronic tau decay width without the massive component from △S = 0 decays. The width is calculated from the Adler function by the contour approach in the complex momentum plane. We use for the Borel transform of the Adler function the ansatz which explicitly incorporates the structure of the first IR renormalon, and we perform the Borel integration by using an optimal conformal transformation to map away the effects of the UV renormalons and the higher IR renormalons. Based on the stringent experimental results obtained by the ALEPH Collaboration, our method of resummation results in α s (M 2 z ) = 0.1197 ± 0.0007 exp. ± 0.0005 th. ± 0.0003 evol. .
II. BILOCAL EXPANSION
For definiteness, we shall consider the current-current correlation function in Euclidean region
where
is the current of up and down quarks. The canonically normalized Adler function D(Q 2 ) is defined by
with
where a(Q 2 ) = α s (Q 2 )/π, with α s (Q 2 ) being the strong coupling constant. The D(b) is analytic around the origin at b = 0, and can be expanded in power series
with d n being the coefficients of the perturbation series for the Adler function:
The constant β 0 is the first coefficient of the QCD β function:
where µ denotes the renormalization scale, and c j ≡ β j /β 0 (j ≥ 2) parametrize the renormalization scheme. The Borel transform D(b) is known to have singularities: the UV renormalons on the negative real axis at b = −n, and the IR renormalons on the positive real axis at b = n + 1 with n = 1, 2, 3, · · ·. While the UV renormalons do not cause any direct problem, the IR renormalons on the integration contour cause ambiguities in the Borel integral. For simplicity, we shall confine ourselves to the first IR renormalon at b = 2. The Borel transform around the singularity can be written in the form
with ν given by
for the number of active quark flavors N f = 3. The convergence radius of the series within the bracket is bounded by the second IR renormalon at b = 3, and so the series is expected to be convergent for |1 − b/2| < 1/2. The part analytic at b = 2 as well as the exact value of the residue C are not known, although the latter can be calculated in perturbation theory [5] . The coefficientsc i in the expansion of the singular part are calculable (see Refs. [6, 7] for related discussions), and depend on the β function and the Wilson coefficients of the gluon condensate operator.
To use this expansion around the renormalon singularity in improving the Borel resummation, we consider the function R(b)
which was introduced in [5] in perturbative calculation of the renormalon residue and also in [8] to soften the renormalon singularity. Around the singularity, R(b) is given by
which shows R(b) is singular but bounded at the first IR renormalon. Should the analytic part vanish, R(b) would be analytic at the renormalon position, but since there is no reason to expect this to happen, we should regard R(b) to be singular at b = 2. With (10) we now obtain a set of constraints on R(b) for N f = 3, and accordingly on the Borel transform D(b), at the singularity
In the next Section we will exploit one of these equations to constrain the functional behavior of the Borel transform in the interval between the origin and the first IR renormalon singularity.
We now turn to the calculation of the coefficientsc 1 ,c 2 . Because of the singularity, D(b) has a branch cut beginning at b = 2, and consequently, D(Q 2 ) obtains an imaginary part from the Borel integral:
which is obtained by plugging (7) into (3) . The sign of the imaginary part depends on whether the contour along the positive real axis is on the upper or the lower half plane. Because D(Q 2 ) must be real, this imaginary part should be canceled by something else. It has been suggested in [3] that this imaginary part is canceled by the imaginary part arising from the ambiguity in defining renormalized gluon condensate in the Operator Product
where O 4 is the scale-invariant matrix element (gluon condensate) of the anomalousdimension free, dimension-four gluon operator
with G a µν denoting the gluon field strength tensor. The Wilson coefficient C 0 for the unit operator has the perturbative expansion given in (5) while the coefficient C 4 for the gluon condensate operator is known to the next-to-leading order (NLO) in the MS renormalization scheme [9] (see also [10] )
The next-to-next-to-leading order (NNLO) coefficient w 2 is not known yet. Because the gluon condensate as well as its ambiguity should satisfy the homogeneous renormalization group (RG) equation, the ambiguous, imaginary part from the gluon condensate can be written as
with Λ being a RG-invariant and Q-independent constant. Therefore,
where the proportionality constants are Q-independent, and v j 's are obtained by expanding 1/β(x) in powers of x
Thus,
Because the imaginary parts in (12) and (20) should cancel each other, we havẽ
III. AN OPTIMAL CONFORMAL MAPPING
To impose the constraints (11) on the Borel transform defined in series form (4), D(b) needs be analytically continued beyond its convergence radius |b| = 1 which is set by the first UV renormalon. This cumbersome, analytic continuation however can be conveniently avoided by using a conformal mapping that pushes the UV renormalons away from the origin while mapping the first IR renormalon to be the closest singularity to the origin. Since, in practice, only the first few coefficients are known, choosing an optimal mapping can help accelerate convergence of the series (4). Even though several conformal mappings, being optimal or not, were discussed in the literature [11, 5, 12] we introduce a new mapping which is especially well-suited for our purpose.
Our criterion for an optimal mapping is simple; with an optimal mapping
the function R(b(w)) should be as smooth as possible within the disk |w| ≤ w 0 , where w 0 = |w(b = 2)|, so that R(b(w)) within the radius of convergence can be well approximated by the first terms of its perturbation series in w
With this criterion our strategy for an optimal mapping is to send all the renormalon singularities save the unavoidable first IR renormalon as far away as possible from the origin. As a candidate for an optimal mapping we propose
which is obtained by combining the mapping [5] 
which sends all the UV renormalons to the positive real axis, with the mapping [11] 
where z 0 ≡ z(b = 3) = 3/4, that sends all renormalon singularities except for the first IR renormalon to the unit circle. With the conformal mapping (25) the first IR renormalon is mapped to w = 1/2 while all other renormalons are mapped to the unit circle (see Fig. 1 ).
Since we are especially interested in the functional behavior of R(b(w)) within the radius of convergence w 0 = 1/2, we expect the mapping is well-suited for our purpose because the divergence by the renormalon singularities are suppressed due to their relatively large distance to the origin. Now on the w-plane the first of the constraints (11) becomes
In the next Section we will impose this constraint on the truncated perturbation series (TPS) of (24) to obtain a higher order correction of the Adler function. By noticing the constraint (28) is set up at the first IR renormalon, which is exactly at the radius of convergence of the series (24), one may question the validity of applying the constraint directly on the TPS. However, it should be emphasized that the series (24) is convergent at the renormalon singularity w = 1/2 because R(b(w)), even though singular there, is bounded. Therefore, the constraint can be imposed on the perturbation series.
IV. PREDICTION FOR THE NNNLO COEFFICIENT OF THE ADLER FUNCTION
The NLO and NNLO coefficients d 1 and d 2 of the expansion of the canonical Adler function (5) have been calculated exactly in the MS scheme in [13, 14] : (4) and the function R(b) (9) are thus also known up to NNLO in b. Upon subsequently applying the conformal transformation (25) to R(b), and expanding in w, we obtain the power expansion of R(b(w)) (24) up to NNLO in w. On the other hand, if we assumed that the N 3 LO coefficient d 3 were known, we would obtain the power expansion (24) 
The corresponding derivative dR/dw would then be known up to NNLO (∼ w 2 ). If we apply to the constraint (28) the above N 3 LO TPS of R and the corresponding NNLO TPS for dR/dw, we obtain d 3 ≈ 34. This prediction, however, is not sufficiently precise, because, as mentioned before, the point w = 1/2 is at the border of the convergence disk of R(b(w)) and we are dealing with strongly truncated series. Therefore, we apply at this stage yet another efficient mechanism of analytic continuation which would bring us beyond the w = 1/2 circle -Padé approximants (PA's) that are either diagonal or near-diagonal [15] . To the N 3 LO TPS (29) As a cross-check, we carried out the same procedure, but with a different conformal transformation
This mapping also removes all the UV renormalons to the unit circle, as well as all the IR renormalons except for the first (b = 2) and the second (b = 3) one:
6. This mapping apparently suppresses even more strongly than (25) the UV renormalon contributions, but probably less strongly the next-to-leading IR renormalon (b = 3) contributions. The predictions are in this case d 3 ≈ 24.3-24.5, in good agreement with the afore-mentioned predictions. We further note another interesting feature of the expansion (29) . Looking at the first three terms that are known, it appears reasonable to expect that the N 3 LO coefficient r 3 at w 3 is not very large, say, |r 3 | < 2. Varying r 3 between −2 and 2 results in the variation of d 3 between 19.3 and 29.5, i.e., only about 20% around the value d 3 ≈ 24.7. Thus, the predictions of the described method, using the conformal transformation (25) , are remarkably robust under the variation of the N 3 LO coefficient of R(b(w)). Similar robustness is observed when the conformal transformation (30) is used instead of (25) .
If we applied to the relation (28) the PA's, but no conformal transformation, the predictions would vary more strongly (d 3 ≈ 26.-33.) with the various choices for PA's of R(b). Furthermore, this method does not possess the 'robustness' under the variation of the N 3 LO coefficient of R(b).
Thus, our prediction of the N 3 LO coefficient d 3 , in the MS scheme, of the Adler function
based on the simultaneous use of relation (28), the conformal mapping (25) , and the Padé approximants. Our predictions can be compared, for example, with those of Ref. [4] . They used the method of effective charge (ECH) [16] [17] [18] and the TPS principle of minimal sensitivity (PMS) [19, 20] ≈ 0. The resulting prediction was d 3 ≈ 27.5, which is higher than our prediction (31).
V. ANALYSIS OF THE HADRONIC TAU DECAY
In this Section we will apply elements of the previous Sections to the numerical study of the τ inclusive hadronic decay ratio
This inclusive decay ratio has been extensively studied in the literature, theoretically and numerically [21] [22] [23] [24] [25] [26] 10] . The ratio can be expressed, via the application of a variant of the optical theorem, with the two-point correlation functions of the vector (V) and axial-vector (A) currents, or equivalently, with the Adler function D(Q 2 ). When excluding hadrons with s (strange) quarks, and approximating the u and d quarks to be massless, the expression can be written as a contour integral in the complex momentum plane [24] [25] [26] 10] 
where the electroweak correction factors are known (δ EW = 0.0194 [27] ; δ ′ EW = 0.0010 [28] ), and D(Q 2 ) is the canonical Adler function (2), (5) . The uncertainties in the electroweak correction factors are negligible [10] , because α QED (m τ ) < 0.01. The restriction △S = 0 allows us to regard the observable (33) as essentially massless, and the latter fact removes some of the complications in the theoretical analysis.
The observable R V+A τ (△S = 0) has been measured very precisely by the ALEPH Collaboration [29] [30] [31] 
This, together with the known CKM matrix element |V ud | = 0.9749 ± 0.0008 [32] (assuming unitarity of the CKM matrix), translates to the following very precise value for the canonically normalized τ decay rate ratio (33)
The uncertainties from R τ and |V ud | have been added in quadrature (36) . The experimental uncertainty in the observable (36) is thus below 3%, an unprecedented experimental precision when compared to many other QCD observables. This fact can be regarded at present as our main motivation to investigate theoretically and numerically this observable. Adjusting the numerical (resummed) predictions for r V+A τ (△S = 0) to the experimental ones (36) , our main goal is to predict the QCD coupling parameter α s (m 2 τ ) with the high precision, i.e., with the theoretical (method) uncertainty (δα s ) th. of the prediction being comparable or smaller than the experimental uncertainty (δα s ) exp. stemming from (δr τ ) exp. = 0.0055 (36) .
As in the previous Sections, we express D(Q 2 ) as the Borel integral of its Borel transform
1+ν , with the correct first IR renormalon singularity explicitly enforced in the ansatz
where the integration contour is chosen to be on the upper half plane to avoid the singularity at b = 2 (Cauchy principal value prescription). By explicitly enforcing the renormalon singularity, the Borel transform around the singularity can be more accurately described, and also the validity of the perturbative Borel transform can be extended beyond the first IR renormalon. The Borel transform D(b) as well as R(b) depend on the renormalization scheme, and on the renormalization scale parameter ξ 2 = µ 2 /Q 2 through the ξ 2 -dependence of the perturbative coefficients d n in (5) when the running coupling a(Q 2 ) is replaced by a(ξ 2 Q 2 ). While we choose MS scheme throughout this paper, the renormalization scale parameter ξ 2 will be kept arbitrary for the time being. When inserting (37) in (34), and exchanging the order of integrations, we obtain
Since the integrand is exponentially suppressed at large b, it is convenient and reasonable to integrate over the Borel variable b just to a certain value b max lying beyond the first IR renormalon. The contribution from the region beyond the first IR renormalon is expected to be smaller or comparable to the nonperturbative effect by the the gluon condensate, which is known to be small [10] . If we know the perturbation series of the Adler function D(Q 2 ) up to N 3 LO then we know automatically also R(b; ξ 2 ) up to N 3 LO, i.e., including the term ∼ b 3 . Further, R(b; ξ 2 ) has no singularities on the positive axis for b < 2, and only a soft singularity at b = 2, but it has some UV renormalons on the negative axis rather close to the origin: b = −1, −2. These UV renormalons make the power expansion of R(b; ξ 2 ) in powers of b divergent for |b| ≥ 1, which signals that the use of the (N 3 LO) TPS in powers of b for R(b; ξ 2 ) in (38) may run into serious trouble already at b ≥ +1. An efficient solution to this problem was already constructed in Section III, in the form of an optimal conformal transformation b = b(w) (25) , which pushes all the UV renormalons (and all the higher IR renormalons at b ≥ 3) onto a unit circle in the plane of the new variable w. The first IR renormalon at b = 2 now corresponds to w = 1/2, i.e., within the unit circle. Then, the expansion R(b(w); ξ 2 ) in powers of w represents a convergent series for w ≤ 1/2, i.e., for the corresponding b(w) ≤ 2. Thus, the use of the corresponding N 3 LO TPS of R(b(w); ξ 2 ), which is also explicitly known, will have much better chances to describe reasonably well the true R(b(w); ξ 2 ) within the interval between the origin and the first IR renormalon. Therefore, the double integral (38) will be rewritten in terms of the variable w r V+A τ
where we can choose in (39) w max ≫ 1/2, corresponding to b max ≫ 2. In practice, we can go in the dw-integration in (39) beyond w = 1., where the w-contour follows then the unit circle arc into the first quadrant -for example up to a complex w max = exp(iφ) with 0 < φ < φ ∞ , where w(b = ∞) = exp(iφ ∞ ), φ ∞ = π/3. The fact that in this way we reach the b ≈ 3 region, where the true R(b) has an IR renormalon, and even go beyond it, does not change the result of (39) in practice. This is so because the contributions from the region |w| ≈ 1 and beyond (b > ∼ 3) turn out to be extremely suppressed in (39) . This integration can be implemented in practice most easily, if we follow the ray w = x exp(iφ), with x from 0 to 1 (see Fig. 2 ), because the integration over the corresponding closed contour yields zero since no singularities are enclosed. This practical 'ray'-integral implementation is denoted in (40) .
The first two coefficients d 1 and d 2 of the expansion of the Adler function (5), which determine the expansions of D(b) and R(b) up to NNLO, have been calculated exactly in the literature [13, 14] . For the choice µ 2 = Q 2 and in the MS scheme, with N f = 3, they are:
2 = 6.3710. In the previous Section, the arguments were presented suggesting the value of the N 3 LO coefficient:
, these coefficients change accordingly:
These relations follow from the expressions for the renormalization scheme and scaleinvariants ρ 1 , ρ 2 , ρ 3 , as given, e.g., in [19] . As an example, at ξ 2 = 2 they imply:
The apparently quite strong ξ 2 -dependence of the Borel transform function R(b(w); ξ 2 ) in (40) is combined with the strong ξ 2 -dependence of the coupling parameter a(ξ 2 Q 2 ) in the exponent (40) in such a way that the entire double integral is ξ 2 -independent. However, since we know just the first few terms of R(b(w); ξ 2 ), the ξ 2 -dependence of (40) will appear. If the method is good, this dependence should be weak, at least locally in a renormalization scale region ξ 2 ∼ 1. Further, there should be some dependence on the choice of the renormalization scheme, but the scheme dependence is in general weaker than the ξ 2 -dependence, and we choose MS scheme throughout.
At first sight, one may argue that the first IR renormalon of the Adler function has no significant bearing on the quantity r V+A τ (△S = 0), because the singularity at b = 2 is formally suppressed by a power of α s due to the contour integration (34) (see Ref. [10] ). We can see this, for example, if we consistently ignore all effects beyond the one-loop in (38) (β j → 0 for j ≥ 1, ν → 0). In this approximation, the contour integration over y can be carried out explicitly and it yields an oscillating function of b which has a zero at b = 2, thus erasing the singularity there. However, we wish to stress that this effect implies only that the nonperturbative power term ∼ 1/m 4 τ contribution to r V+A τ (△S = 0) is suppressed. This effect does not imply that the behavior of the Borel transform D(b) near b = 2 is not important for the determination of the value of r V+A τ (△S = 0). In fact, if we didn't factor out the first IR renormalon singularity in (38) - (40), the contributions from the b ∼ 2 region would be very imprecise, thus adversely affecting our analysis. On the other hand, the higher IR renormalons, e.g., at b = 3, which are not suppressed by powers of α s , contribute insignificantly to the integral (39), as will be shown below.
VI. PREDICTIONS OF α s FROM THE HADRONIC TAU DECAY
For the evaluation of (40), we will employ, at any given choice of ξ 2 , the corresponding N 3 LO TPS of R(b(w); ξ 2 ), where we use the value d (△S = 0). We then have to adjust, at a given ξ 2 , the value of a 0 ≡ a(m 2 τ ) in such a way that the prediction is within the experimental limits (36) . The renormalization scale parameter ξ 2 is then chosen according to the principle of minimal sensitivity (PMS)
i.e., at the point in which the unphysical ξ 2 -dependence disappears locally.
1
There is still one minor technical detail that we might worry about: we have only a limited knowledge of the MS beta function β(a) that governs the running of the coupling parameter a -its power expansion in a is known only up to the four-loop term −β 0 c 3 a 5 (∼ a 5 ) [33] . In the region with the low
2 ) where the contour integration in (40) is applied, the values of |a| (≡ |α s |/π) are not any more very small (|a| ≈ 0.1), and expansion terms with powers higher than a 5 may become significant in the resummed value of β(a). To be specific, we chose the [2/3] Padé approximant for the resummed β(a) in the RG evolution of a, above all because of the reasonable singularity 1 It is instructive to see why our method should fail at small and large values of ξ 2 . At small ξ 2 the running coupling a(ξ 2 Q 2 ) becomes large, and so the Borel integral (40) will receive significant contribution from the region far beyond the first IR renormalon, in which the Borel transform cannot be well described by the first few terms of the perturbation theory. On the other hand, at large ξ 2 , the coupling a(ξ 2 Q 2 ) becomes small, and for the integral (40) to be ξ 2 -independent the Borel transform R(b(w); ξ 2 ) should increase rapidly as ξ 2 increases (In fact, it can be shown that R(b(w); ξ 2 ) increases approximately as ξ 2b ). This means that the Borel transform becomes steeper as ξ 2 increases, making the perturbation theory less efficient. It is therefore reasonable to expect an optimal ξ 2 for our method, and we expect it to be given by the PMS principle.
structure of this beta function (a singularity = 0.311).
2 Further, we chose in (40) φ = 0.1, i.e., w max = exp(i · 0.1), corresponding to b max ≈ 3.03, i.e., well beyond the first IR renormalon. 3 It turns out that the ξ 2 values as determined by the PMS principle (46) of the expression (40) are ξ 2 ≈ 1.75-1.80. In Fig. 3 we show the numerical predictions of (40) . We see that the unphysical ξ 2 -dependence is really quite weak in a large interval 1. < ξ 2 < 5., indicating that the method is reliable. In the Figure, we include for comparison the analogous predictions for the case when no conformal transformation b → b(w) is carried out in (38) (we used ε = 0.005 and b max = 3). The latter method has a somewhat different ξ 2 -dependence and a slightly different value at the PMS point. As argued after Eq. (38), the predictions of the curve(s) involving the conformal transformation are expected to be more reliable.
The predictions for α s (m 
The perturbative QCD part of information incorporated in the prediction (47) is not yet known. The authors of Ref. [4] , using the effective charge (ECH) [16] [17] [18] and the TPS principle of minimal sensitivity (PMS) [19, 20] This PA choice for β(a) was motivated and used in Refs. [34] , where a renormalization-schemeand scale-invariant method was developed and employed for the resummations of NNLO TPS's of Euclidean massless QCD observables, a generalization of the renormalization-scale-invariant Padé-related method of Refs. [35] .
3 When w max = exp(iφ) in (40) is varied between w(b = 3) (φ ≈ 0) and w(b = 4) (φ ≈ 0.505 rad), the values of (40) change insignificantly (relative change is about 2.5 · 10 −6 ). 4 Note that ρ 1 = −d 3 +d In order to obtain an estimate of the uncertainty due to the use of the method itself, we proceed the following way. We apply for R(b) in (40), instead of the N 3 LO TPS of the type (44)- (45) (40) is applied. Further, the predictions change when the renormalization scheme parameters c 2 and c 3 change. The leading scheme parameter is c 2 . We have c This would indicate that it is reasonable to allow for the variation of the leading scheme parameter c 2 from its MS value by about 50%, i.e., c 2 = 4.471(1. ± 0.5), while adjusting the renormalization scale parameter ξ 2 according to the PMS condition (46) . The central prediction in (47) then varies by about ±0.0019. On the other hand, changing the NNLO scheme parameter c 3 by 50% around its MS value changes the central prediction for α s (m 2 τ ) by about ±0.0006. Adding in quadrature, the uncertainty due to the change of the scheme parameters 5 is about ±0.0020. Hence, our result is:
= 0.3289 ± 0.0057 exp. ± 0.0043 th. .
5 The problem of the renormalization scale and scheme dependence in the determination of α s (m 2 τ , MS) from the y-contour representation (34) of r V+A τ was discussed by Raczka [38] . Using the NNLO TPS for D(Q 2 ), he showed that a change from the MS scheme (with ξ 2 = 1) to the TPS PMS scheme and scale results in the change of α s (m 2 τ , MS) by 0.01, which is significant in the view of the new precise experimental data.
In the last line, we added the uncertainties due to d (0) 3 and the method in quadrature, denoting the resulting uncertainty as the theoretical uncertainty. The uncertainty due to the variation of b max in (39) (3. < b max < 4., i.e., 0 < φ < 0.505 rad) turns out to be insignificant, as mentioned before. For example, if changing from φ = 0.1 (corresponding to b max ≈ 3.03) to φ = 0.505 (b max ≈ 4.) the central value of (50) increases by less than 10 −6 . One may argue that the method uncertainty as given above is too nonconservative, i.e., too small. Therefore, we carried out an additional cross-check. We performed the resummation for r V+A τ (△S = 0) by the double integration of the type (40) , but this time taking into account explicitly the first UV renormalon (at b = −1) in the ansatz for the Borel transform:
, with γ 1 = 2.589 [39, 12] . We performed again the conformal mapping b = b(w) (25), expansion of R(b(w)) in powers of w up to and including the N 3 LO (∼ w 3 ), and subsequently performed the double integration analogous to (40) , with φ = 0.1. The scale parameter ξ 2 was again fixed by the PMS principle (46), resulting, for the choice d 3 ) does not surpass 0.0052, i.e., in accordance with the theoretical uncertainty estimate made in (50) .
If we apply the resummation (39) without the conformal transformation (using b max ≈ 3, ε = 0.005), we obtain the renormalization scale ξ 2 ≈ 2.35 according to the PMS (46) , and the result α s (m 2 τ ) = 0.3295 ± 0.0058 exp. ± 0.0027 δd 3 , which is only slightly different from the one with the conformal transformation (49). Although not using the conformal transformation is not so well motivated [see also the discussion after (38) ], this result may represent yet another justification for the small estimate of the method uncertainty in (49)- (50) .
The result (50) was then evolved from the scale µ = m τ ≈ 1.777 GeV to the canonical scale M z = 91.19 GeV, by using the four-loop RG equation in the MS scheme [33] and the corresponding three-loop matching conditions [40] for the flavor thresholds. We used the matching at µ(N f ) = κm q (N f ) with the choice κ = 2, where µ(N f ) is the scale above which 
where we included the uncertainty ±0.0003 evol. due to the RG evolution from m τ to M z . This uncertainty estimate is obtained in the following way. Keeping κ = 2, if we vary the mass m c (m c ) = 1.25 ± 0.10 GeV, the resulting uncertainty is ±0.0002; if we vary the mass m b (m b ) = 4.25 ± 0.15 GeV, the uncertainty is ±0.0001. If we vary the flavor threshold parameter κ around its central value κ = 2 from 1.5 to 3., the uncertainty is ±0.0001. Furthermore, if we use for the (m τ → M z ) RG evolution, instead of the four-loop TPS β MS function the corresponding PA [2/3] β , the resulting α s (M all these uncertainties in quadrature gives us approximately the uncertainty ±0.0003 given in (51) . Due to the very precise experimental data (35)- (36) on the inclusive hadronic decay of τ , the experimental uncertainty in the extracted strong coupling constant is very low. By incorporating a wealth of known theoretical information (perturbative as well as renormalon) on the related Adler function D(Q 2 ), we were able to extract the strong coupling constant with the theoretical uncertainty not surpassing the experimental uncertainty. Further, the analysis by the ALEPH Collaboration [29, 31] showed that the observable R V+A τ (△S = 0) has power (nonperturbative) contributions compatible with zero (see also the next Section).
The experimental situation with other low energy QCD observables is not so favorable, and the experimental uncertainties of the extracted strong coupling constants appear to dominate over the theoretical uncertainties. This is reflected in the present world average (over various measured QCD observables) α MS s (M 2 z ) = 0.1173 ± 0.0020 by Ref. [41] and 0.1184 ± 0.0031 by Ref. [42] , where the extracted (combined experimental and theoretical) uncertainties are significantly higher than those in (51) .
In this context, we mention that the question of the violation of the quark(gluon)-hadron duality for correlation functions has been raised and investigated by the authors of Refs. [43] . They argued that the corrections to the correlation functions due to the duality violation could be significant (up to a few percent). However, no quantitative analyses are available at present. This violation could possibly affect many QCD (quasi)observables, including the Adler function and R τ .
Further, the authors of Refs. [44, 45] analyzed the possibility that the Operator Product Expansion (13) contains, in addition, 1/Q 2 -term, whose origin would be an effective tachyonic gluon mass reflecting short-distance nonperturbative QCD effects. The authors of Ref. [44] suggested that such terms would decrease the value of α s (m 2 τ ) extracted from hadronic τ decays by about 10%. However, the authors of Ref. [46] showed that the coefficient of the 1/Q 2 -term is consistent with zero. They did this by fitting a dimension-two finite sum rule to the new ALEPH data on the vector and axial-vector spectral functions extracted from measured τ decays.
VII. COMPARISON WITH OTHER ANALYSES
We may compare our result (50) with that of an independent analysis of the R V+A τ (△S = 0) ratio by the ALEPH Collaboration [29, 31] 
which, using the RG evolution described above, translates to 
They used their own measured branching ratio (35) , and different methods which involved, in addition, the analysis of moments of (their own measured) spectral functions ImΠ
ud,V /A (s) (s ≤ m 2 τ ) as proposed by [47] . The ALEPH's V+A analysis of the mentioned moments showed that the nonperturbative contributions were compatible with zero. Further, the central value of (52) This value is close to the upper bound of our prediction (50) .
In Fig. 4 we present the predictions of three methods for r [49, 50] thus give significantly lower predictions for α s than our method and the central value of the ALEPH method, as also seen in Fig. 4 . We wish to point out, however, that both groups of authors of Refs. [49, 50] applied resummation methods directly to the observable r V+A τ (△S = 0), which is Minkowskian (q 2 = m 2 τ > 0). We applied our resummation to the 6 This contour approach, in MS scheme, was also applied in Ref. [48] . On the other hand, if we apply in this approach the N 3 LO TPS Adler function in the ECH renormalization scale and scheme 7 Their evolution uncertainty ±0.0006 evol. is larger than ours in (51), possibly because they used a lower threshold parameter κ = 1, while we used κ central = 2. and κ = 1.5-3.
(Borel transform of the) predominantly non-Minkowskian quantity D(Q 2 ), i.e., we used the y-contour representation (34). 8 As already suggested by various authors [4, 52, 53] , it appears to be better to use resummation techniques to (quasi)observables in the non-Minkowskian regions, because the physical singularities appear on the Minkowskian axis (q 2 ≡ −Q 2 > 0).
VIII. SUMMARY
We presented a new method of determination of the N 3 LO coefficient d [4, 52, 54] . In contrast, our relation (28) , and its evaluation, are not based just on the knowledge of the NNLO truncated perturbation series, but also on the knowledge of the first nonzero infrared renormalon including its first radiative correction. Therefore, it is possible that the resummations of the expressions of (28) do not suffer from the uncertainties about the topologies of the Feynman diagrams.
We then used the obtained d
3 , and the structure of the Borel transform D(b) of D(Q 2 ) near the infrared renormalon at b = 2, and an optimal conformal transformation, to evaluate the τ inclusive hadronic decay ratio r V+A τ (△S = 0) via the contour integration method. Comparing the obtained predictions with the precise experimental data available now, we obtained the prediction (51) for α s (M 2 Z ), where the estimated uncertainties from the method (and RG evolution) do not surpass the uncertainties from the experimental data. All these uncertainties are significantly lower than the uncertainties in the present world average α MS s (M 2 z ) = 0.1173 ± 0.0020 by Ref. [41] and 0.1184 ± 0.0031 by Ref. [42] . Furthermore, the central value (51) is by 0.0024 and 0.0013 higher than these two world averages.
In view of the present very precise experimental data for the r 
